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74, CAPTURE OF ELECTRONS BY POSITIVE IONS WHILE PASSING THROUGH GASES
M. N. Saga* anpo D. Basu
(Ind. Jour. Phys., 19, 121, 1945.)

This work extends that of Brinkman and Kramers on the capture of electrons by positive ions while passing through
gases. Detailed mathematical working is reported, and it is shown that contrary to the opinion of Brinkman and Kramers,
the probability of capture of an electron by the a(.-partlcle in the 2p-orbit from the H-atom becomes much larger than that
for the capture in the 1s-orbit when the velocity falls below 2 (2me?)/h. For small velocities, the ratio goes on increasing.

An «-particle passing through a gaseous medium as
in a cloud chamber produces a track consisting of ions
formed round electrons liberated from the surrounding
gas. It was noticed by Henderson (1923) and Rutherford
-(1930) that towards the end of the track the phenomenon
~was more complex. They found that when the velocity
had slowed down to a value comparable to 2c«(c«=the
.velocity of the outer electron in the normal level of the
‘H-atom in the molecules of the gas through which the
.«-ray passes) the «-particle might capture an electron and

*Fellow of the Indian Physical Society.

be converted to Het, this might again lose its electron.on
collision with matter. The phenomenon of alternate loss
and capture may occur a large number of times, but
ultimately when the particles have sufficiently slowed
down, most of them would permanently acquire an electron
and be He+. As He+ further passes through the gas, it
may capture an electron and become neutral helium. As
it has a velocity of the order of 107 to 10® cm sec.”! it
may again lose an electron by collision with matter.
This process of alternate loss and capture may continue for
some more distante till the velocity slows down sufficiently
.and ultimately \ﬁre get neutral helium  atoms,
i
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This phenomenon occurs at the last cm. of the path

of the «-particle so that the experimental technique for -

its observation is rather difficult. The work of Rutherford
and Henderson was continued” on by Jacobsen (1930)
who calculated the capture and loss cross-section from
his own experimental works in which the motion of «-
particles in air and hydrogen was studied; and he tried
to compare his results with the theoretical conclusions of
the authors mentioned below.

The theoretical study of this phenomenon was started
by Fowler (1924), Thomas (1927), Oppenheimer (1928)
and Brinkman and Kramers (1930). Fowler and Thomas
used entirely classical conceptions and they need not be
further considered. The work of Oppenheimer (1928)
has been criticised by Brinkman and Kramers (1930) as
one not free from objection. The latter authors have

 carried out by two alternative methods in the calculations
for finding out the capture cross-section. They assume that
the atoms of the gas through which the -particles pass are
hydrogen-like and the electrons move in ls-orbits, the
capture also is assumed to take place in ls-orbits. The
results of their calculations are compared with the experi-
mental data of Rutherford and Henderson and of Jacobsen,
and on certain assumptions, they are found to be in good
agreement. Brinkman and Kramers (1930) have not,
however, calculated the general case when the electrons
may be moving in any kind of orbit in the atoms com-
posing the gaseous medium and can be captured in any
orbit by the «-particles. The restrictions are evidently for’
the purpose of simplifying the calculations. The laboratory
medium mostly consists of nitrogen, oxygen and hydrogen
molecules; though it may be possible to represent the
motion of their outermost electrons by proper y-functions,
the calculations with such y-functions may be extremely

difficult, if not altogether impracticable to carry out. But if -

gve:dtick to the approximation of Brinkman and Kramers

ﬁﬂr as the traversed gaseous molecules are concerned,
it is surely feasible to calculate the capture of electrons in
orbits higher than 1s by «-particles. Brinkman and Kramers
have not carried out this calculation because as they re-
marked correctly that such cross-sections are likely to be
small compared with that of capture in 1s orbit. They
have, however, given an expression for capture cross-
section from Is-orbit to ns and vice versa.

‘The question of capture of electrons to higher p, d and f
“orbits by the «-particle, however, acquires a new importance
:in view of the recent suggestion (Saha, 1942) that helium

lipes occurring in the solar atmosphere may originate
in this'way: The problem of occurrence of helium lines in
the sun has been for long a challenge to astro-physicists.
:It is well-known that none of the He-lines are found in the

-Fraunhofer absorption spectrum of the sun, This is as -

- expected because at the temperature prevailing in the sun,
He can exist only in normal state and as we kiiow the

10—

absorption lines of normal helium are in the region A\584A
to A500A, we cannot expect to observe them. The visible
lines of He are all due to the excited states and the lowest
of these states has 1s 25 35, an excitation potential of nearly
20-55 volts, which is not possible to have in an atmosphere
having a temperature of 6000-7000°K. But when we turn
to the spectrum of the chromosphere, we find that the
visible lines of neutral helium are extremely strong, even
the well-known line of ionised helium A4686A is found to
occur in it. This is rather an unexpected phenomenon,
because this line has an excitation potential of nearly 75-25
volts, while the ordinary excitation in the chromosphere
is 9 to 14 volts. There are certain other anomalous features
in the occurrence of these lines. Evershed first noticed that
the intensity of the He-lines appears to vanish near the
limb and they are prominent only at some distance. This
phenomenon has been more systematically studied by
Perepelkin and Melnikov (1935) ‘and Pannekock and
Minnaert (1928) ; the results obtained by the first mentioned
authors on the variation of intensity of well-known Dy-line
of helium is given in fig (1). It is seen that the line tends to
vanish at the limb and attains its maximum intensity at a
height of 2500 km. and beyond that it tends to vanish,
though it can be traced up to 7500 km. The ionised line
4686 occurs in the lower chromosphere up to a height of
2000 km. only. These facts are rather in sharp contradiction
to the jonisation theories as we move up in the solar
atmosphere,
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Fig. 1

Emission of lcc. of Helium chromosphere in Dy-line in ergs
per second and solid angle 4.

This phenomenon will probably receive a ready exp]ai
nation if, as already suggested (Saha, 1942), it is assumed’,
that the helium is not an ordinary constituent of the solar
atmosphere; it is taken that due to some nuclear process,
«-particles are being constantly generated throughout
the solar body and some of them quite near the:limb.
We need not specify the particular nuclear ‘reaction
responsible for the generation of the «-particles as’'we ean
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make our choice from 2 host of laboratory experiments.
It is well-known that «-particles spontaneously emitted
in. radioactive disintegration have velocities of the order
i Gcec to 10ck (energy 4MV to 10MV).

* It is clear that when such «-particles pass through the
solar atmosphere, they will, during the first part of the
motion, go on ionizing the solar gases (ionisation by colli-
sion), and losing energy; when they have sufficiently
slowed down, they will begin to capture electrons in
different orbits 1s, 2p, 3d, ms, mp, and md. When the elec-
tron is captured in any orbit higher than ls, we have an
excited Het-atom which will emit a characteristic spectral
line and revert back to a lower state. Most of these lines
lie in the extreme ultra-violet, and the only one of He+-
line avallablb for obscrvatlon is 4686, v=4R [ 3 ‘:2] .
The capture takes place in any one of the 4f, 4d or 4p,
4s orbit and the line is emitted when the electron jumps
back to any one of the 3d,-p, s orbits. All other lines of
Het are outside the limit of experimental observation.
This discussion brings out the necessity of calculating the
cross-sections for the capture of electrons in-orbits higher
than 1s. This has been attempted in the f3llowing sections.
We have supposed that the solar gas through which the
«-particles pass is entirely composed of hydrogen atoms.
This very nearly represents the current idea according to
which hydrogen forms more than 909, of the solar
Btmosphere

' ‘When we turn to the next problem of occurrence of
-He-lines in the solar’ chromosphere the mathematical
difficulties considerably increase. We cannot represent
the field of Het as even approximately coulombian and
hence we must resort to very complicated calculations
which have been used by Hylleras (1933, 1937) for finding
out the He-terms and their transition probabilities. This
has not yet been done, but if time permits it will form the
subject of a dis¢ussion in another paper.

‘The procedure which we have followed in the calcula-
tion of capture of electron from ls- to 2p-orbit is similar
to the second method as adopted by Brinkman and Kramers
in their parallel calculation of ls- to ls-capture. One
must bear in mind that the method holds good only when
(1) the gaseous molecules of the medium can be regarded
as stationary during and after collision and when £2)
the velocity of the «-particle is large compared to ¢x. -

Obviously these limitations put severe restrictions to the
application of the results of the following calculation to
solar phenomena. The first limitation means that the
molecules or atoms must be very heavy compared to the
x-particle; this is far from being the case with hydrogen
atoms. The second one has been noted by all workers,
but no alternative method has been put forward. It has
been suggested that calculations of the Born. approxnma-
tion to second orter may be darried.out, but in view of
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past experierice the suggestion dees not abpar very
promising.

In spite of these limitations, we have procecd!d with the
calculations. In view of the fact that we havt followed
closely the method of Brinkman and Kramers, §t is found
useful to rewrite the essential steps of the abobe authors
in the first part of this paper. That will be of helg to appre-
ciate the extension we have made of their met

We suppose that the charged particle («-pd#fticle here)
having the mass M and the charge ‘¢ moVes past the
atom K which has the mass Mg and the effedtive charge
e (without the electron). The type of collisit that we
propose to study here is the following one: Initially we
have an electron moving in the field of the atom, but
after collision the same electron is captured by thé «-
particle in any one of its orbits. The reaction may be
schematically represented as follows:

K + Hert+t = K+ -+ Het+
(Mg+m, ) (M, 2¢) (Mg, Ze) (M+-m, 2)
e — — e

To simplify calculation it is further assumed that Mg is
so heavy that its nucleus remains at rest before and after

* collision.

Let K, « and e-represent respectively the atom, the
«-particle and the electron which in the beginning of the
process belongs to K and at the end is captured by the
«-particle. We further choose the direction of motion of
the «-particle as the axis of X, the perpendicular from the

(2

Fig. 2

centre of the atom to the direttion of motion as the Y-axis
and Z is pcrpendmular to both. The quantities that will

frequently occur
b, . collision parameter.
R, radius vector from «-particle to electron.



14
310 coy’,LEcTED SCIENTIFIC PAPERS OF MEGHNAD SAHA

r, radius vector from the centre of the atom to
electron.

Let us suppose that the «-particle is moving with velocity
V, and in time ¢=0, it is at the origin of the co-ordinate
systém. Then we have at any instant of time

R=r—p-—Vt - (1)

The total cross-section for such type of collision is
Q = g 2mplb2dp, - (2
3 ,
“where b according to the perturbation theory is given by

= R Y e 3

2mi di
-Now ; is the wave function of the electron as attached
to the atom in the initial state, while ¢, is the wave func-
tion of the same as attached to the «-particle in the final
state. It is easy to see that i, consists of two parts:

Yr=11s ors X Pps 41

where iy, ,,, is the ordinary y-function due to the orbital
motion of the captured electron round the «-particle and

¥y, 4 is due to the translation motion of the electron .

which it shares because of its being attached to the moving
«-particle.

2mim

$ps o =‘exp { ‘1' mV? + 7 (Vr)}. ,

§I

For the case of 1s to 1s-capture, we have the y-functions:

' 1 r .
Pis 15 = '\/TT% exp{ ~ = 2miv,t } (4a)
¥ 1 = \/ml,a exp { - Zli}e — 2mivt + @ m (V.r)
S

where kv, = energy of the electron attached to the atom
in the ls-orbit,

hv = energy of the same attached to «-particle
in the 1s-orbit.
B2

a,=alz, agze=a/z’', where a is the Bohr-radius = el
e

z=charge on atom and z'=charge on «-particle=2; 2z’ is
retained for the sake of uniformity of notation.
Substitution of (4) in (3) gives us:

h db 2¢? . .
5 JF =7mg exp {2mift}. ‘S’exp { — ‘-::z — 2mi(o, 1)
_R } dr, dr, (5)

Qne

2
';%, and o= ’%’ 6)
To evaluate (5), use has been made of the following
Fourier-integral

where B =v — v,

1 R , exp{2mi(R.q)
Rexp{_;}znglng(W}}, ™)
where q is any arbitrary vector having the dimension of
1/Length.
We have
(@-R) =—¢,Vi—g,p+(q.r), @)

then we may rewrite (5) as
h db 8¢2 B
2—’”1. dT = (_—azase)slz exp {21riV («v —_ q”) 4 }

exp{—r]a, +2mi(g—o, ¥)—2rig,p}
< (1fa2) + 4"
r2dr sin 0 didgdq.  (9)
Integration with respect to ‘¢’ gives us the well-known
S-function of Dirac. (vide, Dirac, Quantum Mechanics,
1935, p. 72),
k b — 8¢? 1
Imi - (a,850)°2 V
8{B/V —q lexp{—r[a,+2mi(g—o)rcos §—2mip.q,}
g (1/ag,) +4m*¢
X r2dr sin 0d9dé.dq. (10)

The integration with respect to g, follows from the proper-
ties of the §-function

k b — 8¢? 1
2wt~ (aZaf. )P V e
exp { — rla, + 27mi(q — o)r cos  — 2mig,p}
{ (1/az.) +4n*¢

X r2dr sin0d0d¢.dq,,dqz}.
qac=ﬁ/ v

(11)

Integrating with respect to 8,4,r, we have
h 64me: 1

2mi° (@ ag)yr vV

(12)
=Blv

From the energy-principle, the two factors in the

{S exp {_"27"qu} dqv d%z }
[(1/a) +4m*(g—0)*1*[(1/ag. ) +-4m?] ’qx

denominator are equal (vide appendix 1). Hence
h 64w 1 exp{—2miq, p}dq,dq,
T (@el)® VO )[(Ted) +4{(BVD Y+ @I
(13)
64me? 1 3 exp{ — typ}
(a a2 V16 ) (g2 + %)’ (14)
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where
4,".2B2

2 —

8 'a + V2

} y=2mqy,
or

N 3 e 4n?
[b] =(a%—a‘g% wWiaz T Vf) #Ral), x=pe (19)

where K,(x) = jmi exp ’-’21’ Hi(explim|2)),

H} being the Hankel function of the first kind (Copson,

1933). Substituting this value of |bj in (2), we have
27.7%4 1 1 | 4n2p2
Q=rGaE #v ( + ) S 2[Ry (x) P

4mr® ﬁ

12,3 ot
@5

— 5(at.a a_) e o ) B (vide appendix 3).
(16)

Replacing the value of B, and after some calculation,

we have
1 l) 2
(2775 a ]-5

Q1273844 e‘ 1
[ ) 1 61T20' 2
(17)

Q= 5Ga) #Vi|zaz T a2 +“+

Putting V =c«s we obtain after some reduction

20,742 55 '3
Q = B2 o (et (a— )it (=)0 (19)
This is the formula given by Brinkman and Kramers for
capture from 1s to ls-orbits.

§ 2. CAPTURE IN THE 2p-ORBIT

Let us now proceed with the calculation of the cross-
section for the capture of the electron from ls to 2p-orbits.
The y-function for the initial 1s-orbit is the same as before.
The y-function for the 2p-orbit is now triple, correspond-
ing to the magnetic quantum numbers m=0, 41. We
have

1 R R . 27 mV2
‘/’f’ 29 =4-'_\'/7T_T,f:'a;aexp { —m—?n’lvt — —2—
cos 9
2mim } V2
7 .. 19
o (Vr) sin Wexp{ + i} (19)
2

The upper one is for m=0, the lower for m=41.

Here 19, @ denote the polar angles of the electron with
reference to the «-particle as origin. But in shifting the
origin to the nucleus K which, in our approximation, is
at rest, the new angles 6 and ¢ are connected with 19, and
¢ in the following way

R cos 9 =(r cos 6—Vi), R sin ¢ exp {+iP} =
(rsin 0 exp {1-id}—p). (20)

The Fourier-integral here takes the form

% # (~Ri2a=tess. | iRl g

We obtain as before

hodb_ & B4 }
Q;z. E 4»\/a3aﬂa exp {2m'V (\—[ f ¢

exp{ — al; + 2m (—qz—” — 0) r cos@—-rripq,,}
1
s {4(1,, +m@+ @+ a )}

(r cos0—Vt)4 /2
exp {mi r sinf(g,.cos¢ -{—q,.sinqS)}dr.dq{
(' sinfexp { +ig}—p)/2..
(22)

Integrating with respect to #, with the aid of Dirac’s delta-
functions, we have ’

X

3 =— _ez_. L _drdqF(r )
Tz V=0 ———4\/20‘3‘131 ¥ QLT 9as o> 9a

' {rcosG.S (g—”—é-) +2—ﬂ-; (%”-f—,) }s (23)

where

F(r, qquqz)

exp{ — =+ 2 -2— - a) r cos 0 —mnipq,—+mir sin 6 |
- (42 c05 $ + g, sin ¢}
= i . (24)
fop TGO '

Integrating with respect to ¢, we have

L g
Zri 70 wza v

reos 0 de. — 5o F(0uf2 = IV, gpg.) dr | dasdg,  (25)

F (r, ¢o/2 = B/V 9w 93)

Here F’ denotes differentiation of F with respect to ¢,/2,
and the substitution of 8/V for ¢,/2. On simplification

Sexp{—,aiz + 2 (Ti/; — a) r cos @

b 4?2 B[V :
"0 RV 2d%as, — mipqic cos (¢ — X)
[z +o g+ @+ )]
X r2dr sinf d6 d¢ dq, dq,, (26)
where

¢ =ar sin 0\/‘ g+ ¢2=
i
t;an_l(%/%)'

k sin 6.

x=
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Similarly

ot 2 [ (e) i
e aa, WV {g te e o)

4al,

dg,dq,
“exp {iccos(p—x)} . {r sin Biexp( Lid) —p} .ridr sin 040 dg (27)
The integration of (26 & 27) with respect to ¢, gives us

Sexp{——aiz-l-%ri ({-e—a) 7 COs8 0-7’]’%}

bace =z.?¢%' I £ 1
Sas [E + 4 5+ (g3 + q.’)]
Jo(k sin 6). r2dr sin 0d8dq, dg, (28)
and |
e i a ‘exp{—;’z—%i (%,—a) r cos 0—"1'1’%}

3 5 J 1
Vaar W L B )}

Xridr sin 0 df dg, dq,. {rsin 8 ¢ J,(k sin 6) exp (+-iy) —
b.Js (k sin 6)} (29)
A similar integration with respect to 8 gives us

16m33]V S | —ripn sin w '
‘-=° = 9,8, 56 r :
kV+v/268as, [4_(1‘; + 4&% + 7%(q; + qf)]
. 1!,', dr.dq,. dg,. (30)
and
ot O ) o
m=1="p 1 2
{4_%7 + 4::8%5 + 7%(g3 + 4?)} .
r%drdq,dg, (31)
where
w= VIS 1= (B = o), m—av TR @2
= s A% ’ G ta (30

Integrating with respect to 7, we have
b 32BNV
*= T hVv2aag,
x§ exp { —mipq,} dq} dg,
1
laz + 4 G+ @ + )

-

{al. +4w’(€—e)2+r’(q.’ +q: }’
(33)

COI{LECTED SCIENTIFIC PAPERS OF MEGHNAD SAHA

4in® o2

=1 = . —— S ‘xp{_"if;%}d% @z
vaia;, hV { 1 + 4,”,_5_‘ + 7%(g? + q’a)}
dim exp fix}

%o
L,
{ gt (f—o) +-] [554_...]}- &)

It is easy to deduce from the law of conservation of
energy that the two factors in the denominator are equal;
i.e.,

{4‘};‘: 4’{,—2524-”2(9?-}-4? }={al:'+45,,a (‘9’_3__ )’

b

Frgi+ad)} (35)

Making use of this relation, and integrating with respect
to ¢, and ¢,, we have '

2% 2BV ¢

bn=0 =3 - Ogaz)t WV 4

6 %K y(x)
o (36)
™ 4

z 2
bm=1 = — g . m . Wg-s xaKz(x)

where
¢ = (gt o) w=m

Substituting the above values in expression (2) we obtain

2243 (27B/V)2 ¢t «©
o= T G | i)
® 0 . {(37)
_ 2 LA 7 3
Qu=1= g v x7dx {Ky(x)}
o
5
4
K)
2 i
[ Z31| 252
© I~
. | \’\
gl o | EE X
o | W -
g - v
& -2 NN
: N
-4 N
.5 19-15 I 2| 3| |a
“32-1.0 1 23 45 67 89
?‘xﬁf?s
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The general method to work out this type of integrals has
been given in appendix 3. 'We have finally

a’as hV?
(38)
27 7.,3 ei 2 52 ~6
. Q= 37 a as, " REVE [4:1,, agz T ] J

Reducing still further, we have finally

219 ma? 252'5.510 [s2 42—

Q,m=0=—7"

(22/4)1
[Frete ) B3 )

917 wat.252'5.510

Q- l“37 [{s2+(2+2'2)% {2 +(2—2"[2)3]% (0)

DiscussioN

Let us first compare the relative values of the different
cross-section. We have for z’=2 and z=I.

Q2m=11 _52+22 ~ 1
Q%m-9 6% 6
2

when- s is large,

o> when s is’small.
This shows that the probability of capture is much larger
from 1s to (2[7),,, ° than from 15 to (2p),-14, except
when s< <1.

-Let us next compare Q2pm=0p to Q..
(39) and (40)

Q2Pm=o_l_0 (32+9)5(52+1)5
Qls 7~ s(s*+4)7
Q2pp=o/Qis=58-53 21-09 9-77 523 3-09 1-30 0-66 0-24

For 1s=1-0 125 15 17529 25 30 40

We have from

for the case z' =2 and z=1.

We thus obtain that for z=1 and 2'=2, the capture
cross-section Q2p,,—q, though small compared to Qrs,
when s=4, is no longer so when s continues to fall.

At V=2, i.c., when the «-particle has twice the velocity
which the captured electron would have in its orbit, the
ratio is nearly three times and at lower velocities it assumes
a far higher value. Though there is some doubt whether
these calculations can apply, when s becomes small, it
appears that the probability of capture in excited states
increases rapidly with diminishing s, i.e., towards the
end of its path the- charged particle would mostly be
capturing the electron in the higher orbits. This is quite
contrary to the view of Brinkman and Kramers that the
capture probability in the higher orbits is negligible com-
pared to that in the ls-orbit.

We have not yet been able to finish our calculation for
capture in ns or higher nd or nf orbits. These will be taken
up in a later paper.
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APPENDIX 1
To prove
1 2 [ B 2 1 . B
gt {\7“’} =zt
mV?2
we have /3=,,__,,0+2_h
, v
where yv—= — Sl
h
Yo 8m2ma?
itution P =L (1 _1 ) 4
On substitution vV =5 (af ir + 3
where as usual o = mTV
1 1 _(B_ ¢ B (B )
or —a?—;tz = (V 2) 8n2c =4n? {V2 <v —0c .

Hence follows the result.

APPENDIX 2

T

The integral I, = § ¢'Beost J (k sin ) sin 0460.

A

We have on putting the standard form of J,

I 2(_](')"‘("%‘5)2 ng giBcos@ (sin 9)lm+1d0

_ (=)@K Lim+3) I'(3)
(m 1) (3 B
r$v2 ,,

z m! k <2B

o) B @)

d sin B
o () (552)

_ o sinVB R
VB

Jm+% (B)

T
The integral I;= S ¢ Beosd I (k sin ) sin%0 0.
0

Let us take the integral

m /
=S ¢ Beost Jofk sin 6) sin 6 cos 6 df
0 i ’
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and integrate the above by parts: we have o« ~oC
. 19 cosh 2vy dxdy
1 - a+2 cosh x cosh »
I, = ic[ iBeos05in 9 J (k sin 9)] y=0 £=0
0 —9 “ (*  cosh 2ux dxdy.
;3 G . - - a—-+2 cosh x cosh y
+ T\ Jo (k sin 6) sin26 d0. x20 320
0
. oC
The first term vanishes and it can be easily shown that =2 5. M cos~! 2 cosh ¥+a cosh dx
2 1v/4 cosh?y—g2 a+2 cosh x cosh y 0
I — 141, ¥ =
27 T 4B’ assuming a < 2.
so we have o«
v dl o — cosh 2vx cos-1 2 I
= — 21 siny/B2+A2 2——2} - _ 2y g2 2 cosh x
L=—p3p= B2+k2{v’B2+k2 cosv'B? + £ J V4 coshx—a
. 1 a
Expanding ——————— and cos~! ——— in series
APPENDIX 3 Panding T coshtr—a 10 °® Zcoshx T
The evaluation of the integrals of the general type I SOCCOSh Qux [ a_ . w 1 a2
< - h[ﬁ-‘2h 2 21 (2 cosh x)?
§ ™ {Kv(x)} 4dx is due to Dr. F. C. Auluck of the Delhi cosh ¥ cosh (2 cosh x)
N 22 a® w12, 32 at 22.42 a’
University to whom we express our thanks. T3 (2 cosh A + 57 [@oosh )t 57 (2 cosha
oc ¢
1, = S‘ amdx {Kv(x)} 2 L7 12,3252 a®  22.42.6% a’ ]dx
0 2 6! (2coshx)é 70  (2coshx)?" |

oC oC oC
Hence form = 4
= § x™du g S e—®(coshi+cosht’) cos ¢ cos vi’ didt’.

oC
o 0 ﬁ ,
: I,=\ amdx S S g~olcosh ¢ +cosh £') cosh v¢ cosh vi' dt di’

Further the integral on the right hand side is the coeffi- 3

cient of (—1)™(a™/m !) in the integral

2 42 62 —_1\er<
22.42.6 2m .(m l)S’ cosh 2wcdx,ifmisodd.

C AOC ACC
I= § 5 S e—*(a+cosh t+cosh t') cos vf cos v’ didt’ dx cosh™ x
° 0 0
_w 123%5% . .. . (m—1)2 % cosh 2vxdx Emi
© [ cos vt cos v’ , . ) -2 om 5 coshmL 5 & 1imis even.
= S g ZTcosh I1cosh 7 dt dt’ (on integration 4
0 0

The cases that concern us are for v=2 and v=3. For

with respect to x . . .
P ) v=2, the expression under the integral may be written as

oC
cosh »(¢+4t") 4-cosh v(t—1i") ,
=% S S ; o dt dt. o« ' «
) ) aFZcoh (i e)[2 cosh —1) 2 g cC;s:mffx _ (mj; (131 (_ﬂ;;ri’») sechm-2x dx
If we put
-t =2 ‘ From which follows
t—t'=2y . o, — S13 oy . 2°
L =556 ™ =3
we get
' _ cosh 2vx+cosh 2vy : o, — 3175 , 2] =?"_26
I_g§a+2coshxcoshy d dy ¢ PN T
3 o« (o cosh 2 , Similarly for v=3 ”3
- a+2cosh x cosh y ©¥ 3}, ==

x=0 y=0 7
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75. WAVE TREATMENT OF PROPAGATION OF ELECTRO-MAGNETIC
WAVES IN THE IONOSPHERE

M. N. Saua* anp B. K. BANERJEA

(Ind. Four. Phys., 19, 159, 1945.)

ABSTRACT

Wave-equations for the propagation of € m. waves through the ionsphere have been obtained by the use of a new
mathematical method involving the use of dyadic analysis introduced by Gibbs. Expressions for steady current conducti-
vity of the ionosphere have been obtained by this method and the results are concordant with those of Chapman; an
extra term for the conductivity, which is more prominent in the F,-layer has been obtained.

It has been shown that the wave is split up into three waves, as in Zeeman effect, one of which is ordmary, the
other two extraordinary, in accordance with observations by Toshniwal, and Harang.

1. INTRODUCTION

The subject ot propagation of electromagnetic waves in
the ionosphere appears to be at the present time in a rather
confused state. Appleton (1932), in his pioneering work,
used what is now commonly known the ray treatment,
i.e., starting from Maxwell’s equations, he obtained a value
of the refractive index of the e.m. waves in terms of the
electron concentration, the earth’s magnetic field and the
damping coefficient of electrons. He further postulated
that the wave gets reflected when the refractive index
vanishes. From the two values of refractive index it was
deduced that the wave splits up into two, one ordinary
and the other extraordinary and the sense of polarisation
of each wave was determined. The condition of reflection
of the extraordinary wave is, however, satisfied, at two
distinct levels given by the condition pg%=p%1-pp,.
appears to have been assumed that only one of these
waves, corresponding to the negative sign existed. Toshniwal
(1935) and Harang (1936) have however, obtained at
times reflections corresponding to the conditions p,2=p%+
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by, so that it is legitimate to think that the wave really
gets split into three components on entry into the ionos-
phere, one of which fails usually to get reflected owing to
heavy absorption. Further, we have to explain the pheno-
mena of M-reflections, which prove that the wave does
not get completely reflected even when p==0, but may leak
through the ion-layer in considerable intensity, and get
reflected from a higher layer.

The wave treatment was first attempted by Hartree
(1929, 1931) in three important papers. The papers of
Hartree are extremely difficult to follow on account of the
difficult notations used and some unnecessary complica-
tions introduced. He used throughout the notation of
dyadics., introduced by Gibbs. This notation, though much
convenient for mathematical working is not generally
familiar and to make the deductions intelligible the results
have to be transcribed to ordinary notations which was
not carried out by Hartree. Hartree obtained the displace-
ment of the electron or the ion as S. E where S is a tensor,
E =Electric field. This part is rendered rather complicated
because the electron is regarded as bound by a quasi-
elastic force. From the expression for S, he obtained an ex-
pression for © Cal?ed the scattering tensor. The underlying



